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ABSTRACT
We carefully study how the geometry of the large extra dimensions may aect eld theory
results on a three-brane. More specically, we compare cross sections for graviton emission
from a brane when the internal space is a N -torus and a N -sphere for N = 2 to 6. The method
we present can be used for other smooth compact geometries. Our eld theory results are
compared with the low energy corrections to the gravitational inverse square law due to large
dimensions compactied on other spaces such as Calabi-Yau manifolds.
E-mail: fleblond@hep.physics.mcgill.ca
I. INTRODUCTION
In recent years we have learned there could be more than meets the eye concerning gravity.
While this is expected what is rather surprising is that we can appreciate this statement without
entering the realm of M-theory. The idea that there might be more than the commonsensical
four dimensions of our everyday world has been floating around for many decades now. This
very fruitful idea was used in many contexts sometimes, it seems, according to taste. Its
most fundamental incarnation is found in string/M-theory where the extra dimensions are
introduced for consistency. Which vacuum this elegant unifying scheme ultimately chooses
is an open problem. Consequently, there are many possibilities as to what the low energy
theory of gravitation in our universe can be. For example, eective theories with a factorizable
metric and a Planck scale of energy lower than the one associated with the four-dimensional
gravitational coupling (MP  1:30  1019 GeV) are not excluded [1]. In fact, there is a vast
literature on the idea of using extra dimensions and a lower quantum gravity scale to devise
eective gravitational models. Inspired by the Dp-brane concept of string theory, the Standard
Model (SM) elds are assumed to be localized on a three-brane (the classical version of a stack
of D3-brane) while gravity propagates in the entire spacetime. An interesting feature of this
scenario is the potentially large size of the extra dimensions. For example, a brane world model
with N = 2 transverse dimensions and a quantum gravity scale, MD, of the order of 1 TeV
leads to dimensions that can be as large as one millimeter. Although this particular set of
parameters seems to be ruled out by astrophysical bounds [2], it is still worth investigating the
large dimensions scenario for other values of N and MD.
When the eects of large extra dimensions on SM processes are studied these are usually
compactied on a N -dimensional torus [3{6]. In this work, we carefully study some of the eects
of having the extra dimensions compactied on a N -sphere. In sections II and III we describe
the linear theory of gravity on which we build our work and comment on the Kaluza-Klein
compactication scheme we use. In the following section we perform the mode decomposition of
the graviton both for toric and spherical internal manifolds. In section V we devise a method to
compute cross sections when large dimensions are compactied on smooth geometries. Explicit
calculations are performed in order to compare models with spaces compactied on a torus
and a sphere. We conclude by discussing our results and by comparing them with the classical
potential of gravitational models with large extra dimensions compactied on a torus, a sphere
and a Calabi-Yau manifold. We also comment on possible extensions of our work leading to
eects potentially detectable at the LHC.
II. LINEAR GRAVITY AND KALUZA-KLEIN COMPACTIFICATION
The degrees of freedom we consider are those of general relativity which we in fact use
as our eective theory. Of course, the physics at high energy will leave residual eects at low
energy but these are highly suppressed non-renormalisable interactions. The quantized (4+N)-
dimensional version of gravity we use follows the covariant approach (for example see Ref. [7])
in which the spin-two eld is taken to be a small perturbation,
gAB = gAB + hAB jhABj  1 ; (1)
where A;B = 0; 1; :::(D − 1). This results in a perturbative theory on a background with
metric gAB. We are considering quantization around M
4  TN and M 4  SN where M 4 is four-
1
dimensional Minkowski space. This work is therefore based on the linear version of the Einstein







where gij (i = 1 to N) is the metric of the large transverse dimensions (manifold B
N) and
 = 0; 1; 2; 3. We denote coordinates on M 4 (on the three-brane) with xµ and those in the
internal space with yi. It is understood that a model with non-trivial gij might not be a
solution of the eld equations without the addition of matter to the system. We address some
such issues in Ref. [8]. In Sec. III, we show what ingredients are needed to build a model with
a flat brane and the extra dimensions compactied on a N -sphere consistent with the eld
equations.
Once quantized, the states of this theory are D-dimensional spin-two plane waves. The
physical states are the gauge xed ones. Picking the harmonic gauge condition takes out
(4 +N) degrees of freedom but there is a residual set of dieomorphisms preserving this gauge
choice i :e:
xA ! xA + A; (2)
with 2DA = 0 (2D is the D-dimensional Laplacian). Once all the gauge freedom is used up,
we are left with physical (4 +N)-dimensional gravitons having




We now explain how small perturbations around gAB manifest themselves from a four-
dimensional point of view. Since we assume BN to be compact the correct procedure is to
perform a Kaluza-Klein decomposition of hAB (see for example Refs. [9,10]). Symmetric spaces
are characterized by Killing vectors. The set of such vectors for a manifold with Euclidean
signature represents the family of one-parameter dieomorphic transformations leaving the
metric invariant,
£K agij = r(iK aj ) = 0 ; (4)
where £K a is the Lie derivative along K
a. A maximally symmetric N -dimensional manifold
has N(N + 1)=2 Killing vectors (e:g : TN , SN). The Ka’s obey the Lie algebra of a group G
that depends on the isometry of BN ,
[Ka; Kb] = f abc K
c: (5)
For example, S2 has three Killing vectors transforming under SO(3).
A special class of coordinate transformations on BN is the isometry group
yi ! yi + a(x)Kia(y) (6)
i :e: the family of dieomorphisms dened on the compact geometry that leave the metric
unchanged. Eq. (5) shows that it is natural to associate a group G with BN (e:g : SU(2) for
S2). Then to each of the Killing vectors we associate a group generator T a. These can be
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thought of as generating the symmetries (6) of G on BN . Each T a corresponds to a gauge
boson Aaµ. We write the following ansatz for the massless modes of hAB,
hAB = f(VN)
(










where f(VN) is a function of the compact space volume. The dieomorphic transformations (6)
are equivalent to
Aaµ ! Aaµ +Dµa; (8)
where Dµ is the covariant derivative associated with the resulting ber bundle on M
4. The
transformation rule (8) could, for example, correspond to the gauge transformations of a non-
abelian theory. By varying the topology of BN we can obtain dierent gauge theories. So G
is a subgroup of the (4 + N)-dimensional dieomorphisms perceived as an internal symmetry
from a four-dimensional point of view. A trivial case is when BN = TN . Then the Kaluza-Klein









where VTN is the volume of a N -torus and Aµi are abelian gauge bosons.
Ultimately, we want to compare cross sections for processes occurring on M 4 when the
topology of BN is changed. For the kind of processes we are investigating (involving graviton
emission), we consider only the spin-two part of the metric perturbation, hµν .
III. GRAVITON FIELD EQUATIONS WHEN THE EXTRA DIMENSIONS ARE
COMPACTIFIED ON A N-SPHERE
Our aim is to compare cross sections for processes in models with extra dimensions com-
pactied on spheres and tori. To accomplish that we use models containing flat three-branes.
In a scenario with toric manifolds this is easily realized since the curvature in the internal space
is zero. This is not the case when the geometry of the extra dimensions is spherical. Then, the
curvature of the extra dimensions forces us to modify the model by, for example, introducing
a bulk cosmological constant and an abelian gauge eld trapped inside the compact manifold.
Only then can we obtain a model with a flat brane that is consistent with the Einstein equations.
The eld equations are then
RAB − 1
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where SM is the action for a bulk cosmological constant, , and a p-form gauge eld, Ap, with


















A1...Ap+1 − (p+ 1)FAA2...Ap+1FBA2...Ap+1]: (12)
We now specialize to a model with a flat tangent space metric µν , a tranverse space with the
metric gij of a N -sphere and a N -form magnetic eld trapped in the compact space. The latter






ii...ip+1 where k is a constant. The
Einstein equations then reduce to
−1
2
µν ~R = [− − 2GDk2] µν ; (13)
Rij − 1
2
gij ~R = [− + 2GDk2] gij; (14)
where ~R = N(N − 1)=a2 is the Ricci scalar in the internal space calculated with gij and
Rij − 1
2
gij ~R = − 1
2a2
(N − 2)(N − 1) gij; (15)







− 2GDk2 = 1
2a2
(N − 2)(N − 1): (17)
Inspection of these two equations shows why it is necessary to introduce both a bulk cosmolog-
ical constant and a gauge eld for a model with a flat three-brane to satisfy the gravitational
eld equations when the extra dimensions are compactied on a N -sphere.
We now derive the linear free eld equations that the graviton hµν must satisfy when prop-










In the linear limit, the free eld equations with both the cosmological constant and the gauge
eld turned on are
R(1)µν +R
(2)







@i@jh = 0; (20)



























Eq. (20) is a constraint on the trace, h, of the graviton eld which is present even when the
internal space is flat. It says that all Kaluza-Klein modes of the graviton are traceless (see
Sec. IV for more details on the Kaluza-Klein decomposition procedure). To simplify Eq. (21)
we use the harmonic gauge condition gABΓC
AB






@λh = 0: (23)





Now from rigij = 0 we nd
@ig
ij = −Γiikgkj − Γjikgik: (25)





where use has also been made of the fact that, when applied on a scalar, the following operator
equality holds,
gijrirj = gij@i@j − gijΓkij@k: (27)
Combining Eqs. (24) and (26) the linear free eld equations for the spin-two eld hµν become
2D hµν(x;y) = 0; (28)
where 2D is the Laplacian on M
4SN . Similarly, the (i j) components of the pertubations (7)
when the ( ) and ( i) components are turned o satisfy an equation like Eq. (32). Moreover,
the o-diagonal ( i) components satisfy a Maxwell-like eld equation when the ( ) and (i j)
components are turned o. When all components of the perturbation are turned on, the physical
elds correspond to mixings between the metric components. The full calculation is presented
in Ref. [11] for the case of large extra dimensions compactied on a torus.
IV. GRAVITON MODES IN THE INTERNAL SPACE
A detailed analysis of the Kaluza-Klein reduction and gauge xing procedure for compact-
ication on a N -torus can be found in Ref. [11]. Using a similar procedure one expects to nd
the following (4 +N)-dimensional equations of motion for the graviton:
2D hµν(x;y) = 0; (29)
where 2D is the Laplacian on M
4  BN (although we have demonstrated this explicitely only
for BN = SN). Because of the compact nature of BN the gravitational eld can be recast as an







where fng is the set of quantum numbers related to the isometry group of the compact space
and  fng(y) is a normalized wave function. As can be read from Eq. (29) the wave functions
must be such that
[riri +m2fng] fng(y) = 0; (31)
which we solve both for the TN and SN geometries. We see that the KK modes are the
eigenmodes of the appropriate Laplacian on the internal space. They depend completely on its
geometry and topology. Compact hyperbolic spaces have been considered in Ref. [12].
A. Compactification on a N-Torus
The simplest compact geometry for the extra dimensions is a N -dimensional torus with a
unique radius a. Cases with toric extra dimensions characterized by dierent length scales are
studied in Ref. [13]. The wave function in transverse space is simply obtained by solving
[@i@
i +m2n] 










where n = fn1; n2; :::; nNg with the ni’s integers running from −1 to +1 and 0 < yi  2a
are the components of the vector y. Based on Eq. (9) the n = 0 modes correspond to a
massless graviton (2 degrees of freedom), a set of N U(1) massless gauge bosons (2N degrees
of freedom) and moduli composed of N(N + 1)=2 massless scalars for an expected total of
(2 + N)(3 + N)=2− 1 degrees of freedom. For n 6= 0 the analysis is somewhat dierent since
then the momentum of the graviton in the transverse space is not zero. For an observer on the
brane this transverse momentum is perceived as a four-dimensional mass (m2 = n2=a2). The
spectrum then consists (for each level n 6= 0) of one massive spin-two particle, (N − 1) massive
vector bosons and a set of N(N − 1)=2 massive scalars. For later reference we write down the










where VTN is the volume of the torus.
B. Compactification on a N-Sphere
The derivation of the wave function for the graviton propagating on a N -sphere is more























]2 @@i : (36)
The SN geometry is characterised by N angles, (N−1) of which run from 0 to  (1; : : : ; N−1).
The azimuthal angle N varies from 0 to 2. Introducing r2SN = 1a2r2, Eq. (35) becomes(
r2 +m2fnga2
)
 fng(fng) = 0; (37)
which we solve using the ansatz
 fng(fng) =  1(1) 2(2) : : :  N(N): (38)














































 N) : : :)) = 0: (39)
Using the change of variables xi = cosi and introducing the parameter 2i = N − i, Eq. (39)








n1(n1 + 21)− n2(n2 − 1 + 21)
1− x21
]









ni(ni + 2i)− nk(nk − 1 + 2k)
1− x2i
]







 N = 0; (41)
where the quantum numbers ni are such that n1  n2      nN−1 with ni = 0; 1; : : : ;1 and
the range of the azimuthal quantum number is −nN−1  nN  nN−1. The mass spectrum is





n1(n1 +N − 1)
a2
: (42)
The solutions to Eqs. (40) can be expressed as a product of normalized associated Gegenbauer
polynomials [14],






























The Gegenbauer polynomials can also be obtained from the hyper-spherical generating func-
tional,
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Using the measure on a N -sphere of radius a,
dV = aN sinN−1 1 sin
N−2 2 : : : sin N−1; (46)
the normalization constants are found to be
N (αi) nkni =
Γ(i + nk)
2nki(i + 2):::(i + nk−1)
[
(ni − nk)!(i + ni)
2(1−2αi−2nk)Γ(2i + ni + nk)
]1/2
: (47)
For later reference we evaluate the graviton wave function at a given point on SN . For
simplicity, we choose to evaluate it at y = 0 which on a N -dimensional sphere can be taken to
correspond to 1 = 0 with 2 to N being irrelevant variables. We use the following property
of the associated Gegenbauer polynomials at xi = cos i = 1:
 (αi) nkni (1) =
(2i + ni − 1)!
ni!(2i − 1)! 
nk
0 : (48)
where nk0 is the Kronecker delta setting nk to zero. The wave function evaluated at a specic
point can then be shown to be proportional to n20 
n3
0 : : : 
nN
0 . Consequently, in a mode expansion
of the graviton on a N -sphere only the n1 quantum number is seen to play a role. One might be
led to think that this greatly reduces the density of states allowed to propagate on the sphere
but this turns out not to be the case. In fact, the multiplicity at each quantum level n1, which
is j n1(y = 0)j2VSN , reappears in the coupling terms of SM matter with the graviton modes
through the normalization constants. For later use, we write down the graviton wave function
at a specic point on the sphere for N = 2 to 6 (from now on we use the convention n1 = n),





; N = 2 (49)





; N = 3 (50)
 n(y = 0) =
[
(2n+ 3)(n+ 2)(n+ 1)
6VS4
]1/2
; N = 4 (51)
 n(y = 0) =
[
(n+ 3)(n+ 2)2(n+ 1)
12VS5
]1/2
; N = 5 (52)
 n(y = 0) =
[
(5 + 2n)(n+ 4)(n+ 3)(n+ 2)(n+ 1)
120VS6
]1/2




is the volume of a N -sphere. As will be made clear in Sec. V, the wave
function evaluated at a given point (the multiplicity at each KK level) is crucial to understand
how processes on the three-brane are aected by the geometry of the internal space.
8
V. PROBING THE EXTRA DIMENSIONS
We now consider in detail how the geometry of the internal space alters the couplings of
SM elds with gravity. The coupling, which is universally determined by general covariance, is







where TAB is the stress-energy tensor associated with SM elds on the three-brane. We are
studying gravity on the product spaceM 4BN with SM elds localized on the M 4 submanifold.







This expression is written in the so-called static gauge which consists in ascribing four bulk
coordinates to the three-brane (A = 0; 1; 2; 3!  = 0; 1; 2; 3) and the remaining N coordinates
to the internal space (A = 4; :::; D − 1 ! i = 1; :::; N). Using Eq. (55) is equivalent to
considering an innitely thin and tensionless brane. A consequence of this simplication is
that tree level diagrams involving the exchange of o-shell gravitons are not nite which goes
against intuition. In fact, we expect loop diagrams to diverge but not the tree level ones. Let
us pause and consider this problem. The incoming and outgoing states in a typical process
are SM fermions that are conned to the flat submanifold M 4. From the point of view of an
observer on the brane, a graviton is emitted at one vertex, propagates into the bulk, and is
reabsorbed at the second vertex. Using a stress-energy tensor of the form (55) to work out the
expression for the tree level amplitude shows that momentum is conserved on the brane but not
in the internal space. In other words, there is no constraint at the vertices on the transverse
momentum of the graviton. This is similar to what happens in a loop diagram so one should not
be surprised that tree level amplitudes may diverge. This puzzle is resolved in Ref. [15] where
the authors give to the brane a nite tension and take into account its fluctuation modes in the
transverse directions. This induces an exponential factor at the vertices which naturally cuts o
the problematic ultraviolet modes that are responsible for the divergences. This phenomenon is
of no concern to us since we are only considering interactions that are nite involving on-shell
gravitons. Nevertheless, such a suppression factor for KK modes emitted from the three-brane
should be included in a thorough analysis.
Using Eqs. (54) and (55) insures that everything coupling to the gravitational sector is




































When constructing the eective interactions due to virtual KK states exchange, an innite sum
needs to be evaluated. It is a divergent quantity unless one introduces by hand an ultraviolet cut-o.
This is not a very natural way to cure the problem as the cut-o remains in the nal expression.
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where use has been made of Eq. (34) and the fact that MP = V
1/2
N M 1+N/2D . Following the
analysis of Ref. [11], one can assume that the elds in Eq. (57) are physical i :e: that they have
the right canonical normalization. When considering a spherical compact geometry, we obtain






where fN(n) represents a family of polynomials in n (see Eqs. (49)-(53)) related to the mutli-
plicity of the states propagating on the sphere at each KK level n.
Using Eq. (56) we can nd the Feynman rules for processes involving gravitons coupled to
SM elds on the three-brane [11,3]. We restrict ourselves to studying the potential relevance
of the process e+e− ! γh for probing the geometry of the transverse space. From the four-
dimensional point of view on submanifold M 4 this is described as the emission of a kinematically
cut-o tower of massive graviton modes during a high energy collision.
The dierential cross section for the emission of a QED photon and a massive graviton
(denoted hm) following an e









F (x; y); (59)
where  is the electromagnetic ne-structure constant and
F (x; y) =
−4x(1 + x)(1 + 2x+ 2x2) + y(1 + 6x+ 18x2 + 16x3)− 6y2x(1 + 2x) + y3(1 + 4x)
x(y − 1− x)
(60)
with x = t=s and y = m2=s. From our limited four-dimensional point of view we do not
distinguish between gravitons of dierent transverse momenta (mass-squared). Thus, the actual
cross section for graviton emission from the brane is obtained by summing Eq. (59) over all
kinematically allowed values of m2 i :e: up to m2 = s. Note that when we use the variable
y = m2=s the sum conveniently runs from y = 0 to 1.
From an experimental point of view, the e+e− ! γh process is competing with its
Bremsstrahlung cousin e+e− ! γ. Of course, when there are either no or extremely small
extra dimensions the gravitational process, being suppresed by a M−2
P
factor, is completely
undetectable. With large extra dimensions the relatively important number of KK modes en-
hances the graviton signature which leads to a potentially detectable departure of the photon
emission cross section from its value calculated using the  A= QED coupling. This corresponds
to (e+e− ! γh) no longer being suppressed by a M−2P factor but by a M−(2+N)D factor. So
picking MD as small as possible leads to larger gravitational signatures. There is a fundamental
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limitation in our freedom to do that though. In fact, using the Gauss law one nds the following






where VN is the volume of the compact space. Requiring the eective low energy four-
dimensional gravitational coupling to be the observed Newton constant GN is equivalent to
imposing Eq. (61) which is a relationship between the size of the extra dimensions, their num-
ber, N , and the true quantum gravity scale, MD. It is interesting to note that gravitational
experiments have been performed probing gravity down to approximately one millimeter [16]
without nding any discrepancies with the usual 1=r potential. Based on Eq. (61), this implies
that for N = 2 the quantum gravity scale could be as low a 1 TeV. Although this particular set
of parameters seems to be excluded by astrophysical constraints [2], it does not mean that other
values of N and MD leading to detectable signatures have to be rejected. It is important to
note that a process such as e+e− ! γh scales like =M 2+N
D
whereas its purely QED competitor
scales like . The order of magnitude characterizing the ratio of these two is therefore
(e+e− ! γh)






So when we increase the model-dependent parameters N and MD it becomes more and more
dicult to detect a graviton signature.
A. Phase Space Integrals on T N
For a TN geometry the wave function for the transverse graviton modes at y = 0 is indepen-
dent of n. Based on Eq. (57) this means that there is no restriction on the quantum numbers
of the modes that are emitted at a given point on the torus (from the three-brane). Then the

























is the volume of a unit sphere embedded in a N -dimensional space. Because the extra di-
mensions are assumed to be large (in TeV−1 units) with respect to the inverse center of mass
energy of the process, it is reasonable to take the continuum limit when performing the sum
over momenta (see the Appendix). For future comparison with SN phase space integrals we
explicitly write down Eq. (63) for N = 2 to 6:






























To evaluate the dierential cross section for the emission of a (4+N)-dimensional graviton from
the three-brane we need only apply operator OTN to Eq. (59). As an example Fig. 1 shows the
total cross sections (after the integration over angles has been performed) as a function of s for











FIG. 1. Cross sections (vertical axis) for e+e− ! γh on T N as a function of s (in TeV2) for MD = 1
TeV. Starting form the top, curves are for N = 2 to 6.
B. Phase Space Integrals on SN
As shown in Sec. IVB the graviton wave function evaluated at a given point on SN only
depends on the quantum number n. Using Eqs. (49)-(53), it is straightforward to write down
the operators analogous to Eqs. (65)-(69) when the compact geometry is SN ,






























































The parameter playing a role in distinguishing a spherical from a toric geometry depends on






where nmax = a
p
s is the maximum quantum number over which we integrate when performing
the phase space sum on a sphere. If we integrate over an overwhelmingly large number of
states (da ! 0) the e+e− ! γh cross section evaluated on TN is expected to be close to the
one evaluated on SN . This corresponds to a sector of the theory for which the typical size of
the extra dimensions (in TeV−1 units) is large with respect to the inverse center of mass energy
of the process (R 1=ps). This corresponds to a small spacing between KK levels compared
with the CM energy. For example, it can be seen that R  2 105 TeV−1 if N = 6, MD = 1
TeV and R  200 TeV−1 with MD = 30 TeV. Consequently, as we increase the parameter MD
we expect the dierence between cross sections on TN and SN to increase since this corresponds
to taking larger values of da (a smaller number of KK modes are summed over). Also, noting
that the numerical factors multiplying da in OSN get larger as we increase N , we expect the
dierences between the two geometries to be more noticeable for numerous extra dimensions.
When the internal space has a typical length scale which is extremely small (with respect
to the inverse CM energy of the process), one expects processes taking place on a torus to
be indistinguishable from processes on a sphere (or on any other smooth manifold for that
matter). This is not reflected in our phase space integral procedure. In the limit when the
extra dimensions are extremely small the procedure we are using is not valid anymore since
then it is highly probable that, for the range of CM energies considered, only the zero-mode of
the graviton will be excited. The phase space integral procedure is useful only when numerous
modes are excited i :e: when the extra dimensions are large. The N = 2 case is special since
it is then impossible, for large extra dimensions, to distinghish between the T 2 and the S2
geometries using a process such as e+e− ! γh (OT2 = OS2).
If da is not too small we expect dierences in cross sections evaluated on T
N and SN for
N > 2. By inspection of Eqs. (70)-(74), processes with a spherical transverse space will lead
to larger cross sections. Fig. 2 shows the behavior of cross sections for the two geometries
studied when MD = 30 TeV. We see that as s is augmented the dierence between the cross
sections slightly increases. This suggests that overall the number of KK modes excited on a
N > 2 sphere is larger than on a torus. Based on Eq. (75) we see that s is related to the
maximum quantum number (nmax) over which the integration is performed. Consequently the
larger the CM energy is, the larger we expect the cross section dierences to be (a large s
corresponds to integrating over more modes). Since highly energetic modes are not expected to
dierentiate between smooth geometries (their wavelength is assumed to be much smaller than
the inverse curvature-squared of the internal space), there exists a CM energy beyond which
the multiplicity at each level is the same both for the sphere and the torusy. Past this critical
yWe do not specify what this critical value for s is as it depends on both MD and N . It represents
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s-value, we expect the dierence between cross sections to become constant. Although this is








FIG. 2. Comparison of cross sections (vertical axis) for e+e− ! γh on T 6 and S6 when MD = 30
TeV for s varying from 0.01 to 0.1 TeV2. The upper curve corresponds to a spherical geometry and
the bottom one to a torus. The dierence between the curves increases slightly with s.
Approximating sums over graviton modes by integrals is valid for the range of MD we
are studying because the spacing between quantum levels (in momentum space) is small. In
fact, this is of the order of magnitude 1=a where, for example, a  2  105 TeV−1 when
N = 6 and MD = 1 TeV. As we increase MD the typical size of the extra dimensions decreases
therefore leading to larger spacings. This has the potential of invalidating the sums by integrals
approximation for suciently large values of the quantum gravity scale. For more details on
potential errors induced by our approximations see the Appendix.
To summarize: For a given MD the graviton emission signature is increasingly suppressed
relative to the corresponding purely QED process as N is increased (see Eq. (62)). It is therefore
harder to detect the graviton signature when the extra dimensions are numerous. Moreover,
the dierence between cross sections on TN and SN becomes larger as both the CM energy and
the number of extra dimensions are increased. As seen on both Fig. 2 and Fig. 3, cross sections
in models with a spherical compact manifold are larger than those with a toric internal space.
A parameter we can use to quantify the eect of the compact geometry on graviton emission
from the three-brane is the ratio
DN(s;MD) =
SN (e
+e− ! γh)− TN (e+e− ! γh)
SN (e
+e− ! γh) ; (76)
which is a function of the size of the extra dimensions throughN andMD. Contrary to the spirit
of the previous discussion, this parameter characterizes relative rather than absolute dierences.
As previously stated, the ratio DN is zero for N = 2. For N = 3 and N = 4, all considered
values of MD and
p
s lead to a function DN which is a negligible fraction of a percent. D5 is
also negligible for MD = 1 TeV but can reach 0:002% for MD = 10 TeV (for small values of s).
a natural separation between the low and high energy modes propagating on the compact manifold.








FIG. 3. Comparison of cross sections (vertical axis) for e+e− ! γh on T 6 and S6 when MD = 30
TeV for s varying from 0.2 to 0.3 TeV2. The upper curve corresponds to a spherical geometry and the
bottom one to a torus. Beyond a critical value of s (around s = 0:15 TeV2 in this case) the dierence
between the curves remains constant.
When MD = 30 TeV the ratio D5 goes as high as 0:04% for
p
s = 0:1 TeV but goes down to
0:002% for
p
s = 0:5 TeV. The most noticeable eects occur for N = 6. Then, with MD = 30
TeV, D6 varies from 5% to 0:1% as
p
s spans the 0:1 to 0:5 TeV range. Still for N = 6, when
MD = 10 TeV DN varies from 0:3% to 0:01% and is negligible for MD = 1 TeV.
In conclusion, we nd that the relative dierence between cross sections (for a given s) in
models with spherical and toric geometries takes larger values when the quantum gravity scale
is large and the dimensions are numerous. While the absolute dierence increases with s (for a
given MD and N) the relative dierence, DN , does just the opposite. This is expected as cross
sections are rising functions of the CM energy.
VI. CONCLUDING REMARKS





where the constant is related to the level of the mode in the Kaluza-Klein tower. In the large
r limit the potential takes the following form:
V (r)  −1
r
(1 + e−mf1gr) (78)
where  is the degeneracy of the rst massive KK mode and mf1g its mass. The authors of
Ref. [17] show that  is somewhat larger for a torus (with all compactication radii assumed
to be the same) than it is for a sphere. Their results suggest that to an observer on the
three-brane the force of gravity is slightly stronger if the extra dimensions are toric. Note that
this is not in contradiction with our result that cross sections for graviton emission associated
with a spherical manifold are larger than those evaluated with a toric internal space. While
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it is true that low energy gravity is stronger for the torus, it simply appears otherwise from a
microscopic point of view when gravity is probed with high energies. It is also argued in Ref.
[17] that large extra dimensions compactied on some Calabi-Yau manifolds are such that 
can be as large as 20 which is noticeably larger than the corresponding multiplicities on the
6-sphere and the 6-torus. It is hopeless to try and nd a generic solution for multiplicities at
all KK levels for Calabi-Yau manifolds as there exists an overwhelmingly large number of such
spaces. Nevertheless, it is conceivable that models with large extra dimensions compactied on
Calabi-Yau’s might lead to more signicant discrepancies for microscopic processes compared
with models where the internal space is either toric or spherical.
Having graviton modes propagating on aN -torus is exactly the same as having them existing
in a N -dimensional box. Such a geometry has no intrinsic curvature so whether the modes have
low or high discretized momenta does not matter. By that we mean that all modes perceive the
space as being TN . If the compact geometry is SN the situation is dierent. The high energy
modes, having a small wavelength in transverse space, do not behave dierently than when they
are propagating on a N -torus (the wavelength-squared is assumed to be much smaller that the
inverse local curvature). It then makes sense to say that the physics resulting from these
high energy modes cannot be used to distinguish between processes taking place on dierent
compact geometries (unless the associated curvature is large). The graviton modes to which are
associated small quantum numbers (low energy modes) are the ones that can be used to study
the shape of the extra dimensions. In fact, their wavelength is presumably large enough to allow
them to recognize a sphere from a torus say. The multiplicity of states (or density of states)
at each quantum level on the compact geometry lattice grows as the norm of the momentum is
increased. We have shown that overall this mulitiplicity is larger on the sphere. This explains
why the cross section for a process like e+e− ! γh is larger when the compact geometry has a
spherical symmetry. We have seen that past a certain large transerve momenta the multiplicity
on a sphere and a torus become equal. This means that beyond some critical value for the CM
energy, the dierence between the cross sections evaluated for dierent geometries stabilizes to
a constant value. This is what we have found for the N = 6, MD = 30 TeV case but this is
true in general. As MD is augmented the geometry of the compact space plays an increasingly
important role. While this is true, it is also worth noting that when MD is increased, deviations
from the e+e− ! γ QED process progressively become negligible. In fact, the size of the extra
dimensions then becomes small which allows only a limited number of modes to propagate in
the extra dimensions.
The geometrical eect we found for the e+e− ! γh process is rather small. Nevertheless, it
is conceivable that for certain values of N and MD the eect could be detected at the upcoming
LHC using a process involving quarks i :e: qq ! γh. This and more will be considered in
upcoming work [19].
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APPENDIX: ESTIMATING SUMS BY INTEGRALS
We now verify that approximating sums over KK modes propagating into the extra dimen-
sions by integrals is valid for the range of parameters (s, N and MD) considered in this paper.



















w2s−1(f (2s−1)(kmin)− f (2s−1)(kmax)) +Rs];
where w characterizes the spacing between levels in the Kaluza-Klein tower, the B’s are





dk f (2s+1)(k)P2s+1(k) (80)
where P2s+1 is a polynomial made of an innite sum over oscillating functions of k, kmin and w,
the details of which are not important for our purpose.
The mass of the KK modes propagating in the extra dimensions depends on integer-valued
quantum numbers. In the case of a space compactied on a 6-sphere the following sum needs
to be evaluated,
S6(e










The function F (x; y) where y = m2=s is introduced in Sec. V. Using Eq. (79) it can be shown
that the sum in Eq. (81) is equivalent to an integral plus corrections parametrized by S6. To













)F (x; 1)] (82)
where there remains to be preformed an integration over angles (x-variable). The other cor-
rections include all order derivatives of F (x; y) with respect to y and are proportional to ris-
ing powers of 1=(
p
sa) the most signicant contribution being O(1=s3/2a3). Since F (x; y) is a
smooth slowly varying function of y and because 1=s3/2a3 is small (varies from 0.002 to 210−7
for
p
s = 0:1 TeV to
p
s = 1 TeV when MD = 30 TeV and N = 6) these contributions are small




F (x; 1): (83)
We note that the corrections (82) and (83) are more signicant when s, MD and N are large.
We computed those explicitely for N = 6, MD = 30 TeV and
p
s = 0:1 to 1 TeV. The
absolute value of the corrections are to a good approximation equal for the spherical and
toroidal compactications. Consequently, the corrections slightly rise up both curves in Fig. 2
and Fig. 3 by the same amount for each given s. The relative importance of the corrections is
aprroximately 1=5 the value of the relative dierences we found between cross sections evaluated
on a torus and on a sphere. Of course, asMD is increased the approximation becomes less precise
as an inceasingly small number of modes are summed over.
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